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AbstratWe present a novel notion of stable objets in the derived ategory
of oherent sheaves on a smooth projetive variety. As one appliation we
ompatify a moduli spae of stable bundles using genuine omplexes.
Introdution
Let X be a polarised, smooth projetive variety of dimension n over an algebraially
losed eld k. Our aim is to introdue a stability notion for omplexes, i.e. for objets of
Db(X), the bounded derived ategory of oherent sheaves on X . The main motivation
for this notion is Falting's observation that semistability on urves an be phrased as
the existene of non-trivial orthogonal sheaves [4℄ (similar results hold for surfaes, see
[7℄). In order to make this idea work, we need onvolutions and Postnikov systems (the
former an be seen as a generalisation of total omplexes, and the latter generalises
ltrations to the derived ategory). The details will be spelt out in the next setion. As
an example of our theory, we show how a lassial non-omplete moduli spae of ertain
bundles an be ompatied using omplexes (see Setion 3). Also, by onstrution,
our notion of stability is preserved under equivalenes (Fourier-Mukai transforms). Of
interest to us is when lassial preservation of stability onditions is a speial ase of our
situation. A rst hek is done in Setion 1.4. In Setions 4 and 5, we give some general
fats of projetive geometry from the derived point of view. In partiular, Lemma 15, a
generalisation of the Euler sequene, is used several times.
It seems only fair to point out that the results of this artile in all probability bear
no onnetion with Bridgeland's notion of t-stability on triangulated ategories (see [3℄).
His starting point about (semi)stability in the lassial setting is the Harder-Narashiman
ltration whereas, as mentioned above, we are interested in the possibility to apture
µ-semistability in terms of Hom's in the derived ategory. Our approah is muh loser
to, but ompletely independent of, Inaba (see [10℄).
On notation: we will denote the i-th homology of a omplex a by hi(a). Funtors
are always derived without additional notation; e.g. for a proper map f : X → Y of
shemes, we write f∗ : D
b(X) → Db(Y ) for the triangulated (exat) funtor obtained
by deriving f∗ : Coh(X) → Coh(Y ). For two objets a, b of a k-linear triangulated
ategory, we write Homi(a, b) := Hom(a, b[i]) and homi(a, b) := dimk Hom
i(a, b). The
Hilbert polynomial of a sheaf E is denoted by p(E), so that p(E)(l) = χ(E(l)). Finally,
by semistability for sheaves, we always mean µ-semistability.
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P-stability
Let T be a k-linear triangulated ategory for some eld k; we usually think of T =
Db(X), the bounded derived ategory of a smooth, projetive variety X , dened over
an algebraially losed eld k. A Postnikov-datum or just P-datum is a nite olletion
Cd, Cd−1, . . . , Ce+1, Ce ∈ T of objets together with nonnegative integers N
j
i (for i, j ∈ Z)
of whih only a nite number are nonzero. We will write (C•, N) for this.
Reall the notions of Postnikov system and onvolution (see [5℄, [2℄, [14℄, [11℄): given
nitely many objets Ai (suppose n ≥ i ≥ 0) of T together with morphisms di : Ai+1 →
Ai suh that d
2 = 0, a diagram of the form
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(where the upper triangles are ommutative and the lower ones are distinguished) is
alled a Postnikov system subordinated to the Ai and di. The objet T0 is alled the
onvolution of the Postnikov system.
Denition. An objet A ∈ T is P-stable with respet to (C•, N) if
(i) homjT (A,Ci) = N
j
i for all i = d, . . . , e and all j.
(ii) For i > 0, there are morphisms di : Ci → Ci−1 suh that d
2 = 0 and that the
omplex (C•≥0, d•) admits a onvolution K.
(iii) Hom∗T (A,K) = 0, i.e. K ∈ A
⊥
.
Remark.
(a) Convolutions in general do not exist, and if they do, there is no uniqueness in
general, either. There are restritions on the Homj(Ca, Cb)'s whih ensure the
existene of a (unique) onvolution. For example, if T = Db(X) and all Ci are
sheaves, then the unique onvolution is just the omplex C• onsidered as an
objet of Db(X).
(b) Note that the objets Ci with i < 0 do not take part in forming the Postnikov
system. We all the onditions enfored by these objets via (i) the passive
stability onditions. They an be used to ensure numerial onstraints, like xing
the Hilbert polynomial of sheaves.
() In many situations there will be trivial hoies that ensure P-stability. This should
be onsidered as a defet of the parameters (like hoosing non-ample line bundles
when dening µ-stability) and not as a defet of the denition.
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1 Example: Stability on algebrai urves
In this setion, X denotes a smooth projetive urve of genus g over k. Let r > 0 and d
be two integers and x a line bundle L1 on X of degree one.
1.1 Semistability onditions on urves
Our starting point is the following result. The vetor bundle Fr,d appearing in state-
ment (iii) of the theorem below is universal, i.e. it only depends on r, d, and L1. It is
onstruted in Setion 5 on page 16. The speiations for the onstrution are given in
the proof below.
Theorem 1. For a oherent sheaf E on X of rank r and degree d, the following ondi-
tions are equivalent:
(i) E is a semistable vetor bundle.
(ii) There is a sheaf 0 6= F ∈ (E∨)⊥, i.e. H0(E ⊗ F ) = H1(E ⊗ F ) = 0.
(ii') There exists a vetor bundle F on X with det(F ) ∼= L
⊗(r2(g−1)−rd)
1 and
rk(F ) = r2 suh that H0(E ⊗ F ) = H1(E ⊗ F ) = 0.
(iii) Hom(E, Fr,d) = 0.
Proof. (ii') =⇒ (ii) is trivial and (ii) =⇒ (i) is well-known. The impliation (i) =⇒ (ii')
was shown in Popa's paper [16℄. Thus, it sues to show (ii') =⇒ (iii) =⇒ (i).
Suppose there exists suh a vetor bundle F as in (ii'). It follows, that F is also a
semistable vetor bundle. Putting e := g+1+ ⌈d
r
⌉, the bundle F ⊗L⊗e1 is then globally
generated. Sine X is of dimension one there exists a surjetion O
⊕(r2+1)
X
pi // // F ⊗ L⊗e1 .
Its kernel is the line bundle ker(π) ∼= det
(
F ⊗ L⊗e1
)−1 ∼= L⊗e′1 with e′ := rd−2gr2−r2⌈dr⌉.
Eventually, we obtain a short exat sequene
0 //A
α //B //F //0
with A = L
⊗(rd−2gr2−(r2+1)⌈ d
r
⌉−g−1)
1 and B =
(
L
⊗(−g−1−⌈ d
r
⌉)
1
)⊕(r2+1)
.
The semistability of E implies that H0(E⊗A) = H0(E⊗B) = 0. Thus, the existene of
a vetor bundle F with the above properties is equivalent to the existene of a morphism
α ∈ Hom(A,B) suh that the resulting homomorphism H1(E ⊗ A) → H1(E ⊗ B) is
injetive. Invoking Remark 17, this is equivalent to (iii).
Suppose (iii) holds. If E → E ′′ were a destabilising quotient, then we had µ(E ′′) <
µ(E) − 1
r2
. Sine µ(Fr,d) > µ(E
′′) − (g − 1) we onlude Hom(E ′′, Fr,d) 6= 0 whih
ontradits (iii).
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1.2 A rst P-stability datum for algebrai urves
We onsider the derived ategory Db(X) of the smooth projetive urve X . Let L be a
very ample line bundle of degree D on X . As before, we x two integers r > 0 and d.
We assume that d > (2g − 2 +D)r. We have the
Proposition 2. For an objet e ∈ Db(X) the following onditions are equivalent:
(i) e is a semistable sheaf of rank r and degree d.
(ii) e satises the following numerial onditions, for all i 6= 0:
hom(OX , e) = d− r(g − 1), hom(OX , e[i]) = 0,
hom(L, e) = d− r(g − 1−D), hom(L, e[i]) = 0,
hom(L⊗(r(g−1−D)−d), e[i]) = 0, hom(e, Fr,d) = 0.
Proof. If e is a sheaf as in (i), then hom(e, Fr,d) = 0 follows from Theorem 1; for the
other equations in (ii), we use χ(E(k)) = rDk + d − r(g − 1) and note the vanishing
H1(E) = H1(E ⊗L−1) = 0 due to semistability and the assumption d > (2g − 2 +D)r.
To see that (ii) implies (i), we use again that hom(e, Fr,d) = 0 entails the stability of
e, as by Lemma 10 the other ve identies grant in advane that e is a sheaf of rank r
and degree d.
Remark. The onditions in part (ii) of Proposition 2 give a P-stability datum with
stable objets the semistable vetor bundles of rank r and degree d. Note that only
passive stability onditions take part. Using Serre duality, the rst ve onditions easily
brought in the form homj(e, Ci) = N
j
i demanded in the denition.
Remark. The above ondition d > (2g−2+D)r on the degree of our semistable vetor
bundles is no restrition. By twisting the vetor bundles with a line bundle of suiently
high degree this ondition is always satised.
1.3 Another P-stability datum for algebrai urves
As before, we onsider the derived ategory Db(X) of a smooth projetive urve X . Fix
integers r and d. We onsider the two vetor bundles
A = L
⊗(rd−2gr2−(r2+1)⌈ d
r
⌉−g−1)
1 and B =
(
L
⊗(−g−1−⌈ d
r
⌉)
1
)⊕(r2+1)
from the proof of Theorem 1.
Proposition 3. For an objet e ∈ Db(X) the following onditions are equivalent:
(i) e is a semistable sheaf of rank r and degree −d.
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(ii) There exists a morphism A
ψ
// B suh that Hom(e, cone(ψ)[i]) = 0 for all
i ∈ Z and e satises the following onditions
hom(e, A[1]) = (2g + ⌈d
r
⌉ − d
r
)(r3 + r), hom(e, A[i]) = 0 for i 6= 1,
hom(e, B[1]) = (2g + ⌈d
r
⌉ − d
r
)(r3 + r), hom(e, B[i]) = 0 for i 6= 1.
Proof. If e ∈ Db(X) is a semistable vetor bundle of rank r and degree −d, then the slope
of e is bigger than the slope of the semistable vetor bundles A and B. Hene, we have
Hom(e, A) = Hom(e, B) = 0, and we an ompute the dimensions of Hom(e, A[1]) and
Hom(e, B[1]) using the Riemann-Roh theorem. The existene of a map ψ ∈ Hom(A,B)
with the property Hom(e, cone(ψ)) = 0 is a onsequene of the proof of the impliation
(ii') =⇒ (iii) in Theorem 1. Sine both e and cone(ψ) are sheaves and we also have
χ(e, cone(ψ)) = 0, the vanishing Hom∗(e, cone(ψ)) = 0 follows.
Now suppose that e ∈ Db(X) fullls ondition (ii). It follows that ψ ∈ Hom(A,B) is
not trivial. Sine A is a line bundle ψ must be injetive. Thus, the one of ψ is just the
okernel F of ψ : A→ B. Sine X is a smooth urve, e is isomorphi to its ohomology,
that is e = ⊕i∈Zei[−i] with all ei oherent sheaves. Sine e is orthogonal to F , all the
ei are orthogonal to F and are semistable vetor bundles of slope
−d
r
by Theorem 1.
However, as in the proof of (i) =⇒ (ii), ei 6= 0 fores hom(ei, A[1]) to be positive. So
we eventually onlude ei = 0 for all i 6= 0.
Remark. The ondition (ii) in Proposition 3 gives a seond P-stability datum on an
algebrai urve. Here we have the additional feature that any stable objet e denes a
divisor Θe by
Θe = {ψ ∈ Hom(A,B) | Hom(e, cone(ψ)) 6= 0} .
This divisor is invariant under the standard k∗-ation on Hom(A,B). Thus, we ob-
tain the Θ-divisor Θe ⊂ P(Hom(A,B)
∨). A straightforward omputation shows that
deg(Θe) = (2g + ⌈
d
r
⌉ − d
r
)(r3 + r).
The assignment e 7→ Θe allows an identiation of stable objets with points in some
projetive spae (namely the linear system of the Θ-divisors). P-equivalene of stable
objets an be dened by e ∼P e
′
, if and only if Θe = Θe′. It turns out that in this ase
P-equivalene lasses oinide with S-equivalene lasses.
1.4 Preservation of semistability on an ellipti urve
The moduli spae of torsion sheaves of length r
Now let X be an ellipti urve with a xed point P ∈ X(k) and x a positive integer r.
We propose to onsider semistable vetor bundles of rank r and degree zero on X .
In order to do so, we rst onsider the following P-stability datum: an objet t ∈
Db(X) is P-stable, if and only if there exists a morphism α : OX(−3P ) → OX with
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hom(t[j], cone(α)) = 0 for all j ∈ Z and suh that for all i 6= 0 holds
hom(OX(−3P ), t) = r, hom(OX , t) = r,
hom(OX(−3P ), t[i]) = 0, hom(OX , t[i]) = 0.
Obviously, we have t ∈ Db(X) is P-stable ⇔ t is a torsion sheaf of length r. The Θ-
divisor assoiated to t is Θt := {α ∈ P(H
0(OX(3P ))
∨) | Hom(t, cone(α)) 6= 0}. It is a
union of r lines, one for every point in the support of t (ounted with multipliities).
Two torsion sheaves t and t′ are P-equivalent if their Θ-divisors Θt and Θt′ oinide.
If the Θ-divisor is redued, the P-equivalene lass ontains only isomorphi objets.
However, the maximal number of isomorphism lasses in a P-equivalene lass is the
number of partitions of r. Grothendiek's Hilbert sheme Hilbr(X) (see [6℄) of length r
torsion quotients of OX is the moduli spae parametrising the equivalene lasses.
The Fourier-Mukai transform assoiated to the Poinaré bundle
We onsider the produt X ×X with projetions pr1 and pr2. Let ∆ ⊂ X ×X be the
diagonal, and P := OX×X(∆) ⊗ pr
∗
1OX(−P ) ⊗ pr
∗
2OX(−P ) the Poinaré line bundle.
We onsider the Fourier-Mukai transform (reall that pr2∗ is the derived push-forward)
FMP : D
b(X)→ Db(X) t 7→ pr2∗(P ⊗ pr
∗
1t).
We set M1 := FMP(OX(−3P )), and M0 := FMP(OX). The omplex M1 is a sheaf
shifted by [1], with M1[−1] being loally free and rk(M1[−1]) = 3 and deg(M1[−1]) = 1.
The omplex M0 is a shifted skysraper sheaf: M0[−1] = k(P ).
A P-stability datum for rank r bundles of degree zero
Let t ∈ Db(X) be P-stable with respet to the above P-datum. Then e := FMP(t) is
P-stable with respet to the following P-datum:
hom(Mj , e) = r, hom(Mj, e[i]) = 0 for j ∈ {0, 1}, i 6= 0,
and there is α : M1 →M0 with hom(cone(α), e[i]) = 0 ∀i.
We note that for nonzero α ∈ Hom(M1,M0), the one of α is a shifted semistable
vetor bundle F of rank 3 and degree zero: F = cone(α)[1]. Thus, as in Theorem 1
we have an orthogonal vetor bundle F to any semistable e. This way we obtain a P-
stability datum for rank r bundles of degree zero. Note that P-equivalene orresponds
to S-equivalene of semistable vetor bundles (see also Tu's artile [18℄). This allows a
new proof of Atiyah's lassiation of vetor bundles using the Fourier-Mukai transform
FMP . For more details see 14 in Polishuk's book [15℄ and [8℄.
6
2 Example: surfaes
For smooth, projetive surfaes, we give a omparison theorem between µ-semistability
and P-stability. A similar result is expeted to hold in any dimension. We assume
char(k) = 0 in this setion, as we make use of Bogomolov's restrition theorem.
Theorem 4. Let X be a smooth projetive surfae and H a very ample divisor on X.
Given a Hilbert polynomial p, there is a P-stability datum (C•, N) suh that for any
objet E ∈ Db(X) the following onditions are equivalent:
(i) E is a µ-semistable vetor bundle with respet to H of Hilbert polynomial p
(ii) E is P-stable with respet to (C•, N).
Proof. Suppose that E is a µ-semistable vetor bundle with given Hilbert polynomial
p. As semistability implied that E appears in a bounded family, there is an integer m0
(depending only on p) suh that E(m0) is −2-regular (in the sense of Mumford, see [13℄).
In partiular, we have
H i(E(m0 + k)) = 0 for all i > 0, k ≥ −2,
E(m0 + k) is globally generated for k ≥ −2.
Passing to the twist by OX(m0), we may assume that E itself is −2-regular.
Sheaf onditions. By Theorem 12, there are sheaves C−1, C−2, C−3 and integers N
j
i :=
homj(Ci, E) (for i = −1,−2,−3) suh that any omplex a ∈ D
b(X) with homj(Ci, a) =
N ji is atually a −2-regular sheaf with Hilbert polynomial p. Thus, the rst part of the
P-datum onsists of these three objets C−1, C−2, C−3.
Torsion freeness. To avoid torsion in a we will onstrut sheaves C−4 and C−5 and add
onditions of type homj(Ci, a) = N
j
i to the P-datum. We need two fats:
(1) For a semistable vetor bundle E of given numerial invariants there is an integer
m1 suh that H
0(E(k)) = H1(E(k)) = 0 for all k ≤ m1.
(2) If a is a sheaf on X with H0(a(k)) = H0(a(k−1)) = H1(a(k)) = H1(a(k−1)) = 0
for some k, then H0(a(l)) = H1(a(l)) = 0 for all l ≤ k. (This assumes that
OX(1) = OX(H) is very ample and that H is general for a, i.e. does not ontain
the assoiated points of the sheaf a.)
Proof of (1): Along with E, the bundle E∨ ⊗ ωX is semistable with ertain presribed
numeris. Hene there exists m′1 with H
∗(E∨ ⊗ ωX(k
′)) = 0 for k′ ≥ m′1. Then the
statement follows from Serre duality.
Proof of (2): We use the hyperplane setion sequene 0→ OX(−H)→ OX → OH → 0.
Tensorising this with a and using dimensional indution shows the laim.
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Using the onstant m1 from (1) above, we require
hi(a(m1 − j)) = h
i(E(m1 − j)) = 0, j = 0, 1 and i = 0, 1
h2(a(m1 − j)) = p(m1 − j), j = 0, 1.
The seond fat then implies H i(a(l)) = 0 for all l ≤ m1 and i = 0, 1. This in turn fores
a to be torsion free. If not, onsider the torsion exat sequene 0→ T → a→ a/T → 0.
Then h0(a(l)) = 0 implies h0(T (l)) = 0, hene T is purely 1-dimensional. Next we have
H1(T (l)) ∼= H0(a/T (l)) for all l ≤ m1. Together with H
0(T (l)) = 0, this shows that
the polynomial h0(a/T (−l)) is eventually monotonously inreasing. This is absurd for
a oherent sheaf on a projetive variety  ontradition.
Loal freeness. The sheaf a is now automatially a vetor bundle. If not, we an onsider
the short exat sequene 0→ a→ a∨∨ → Q→ 0. As we know a to be torsion free, a∨∨
is loally free and Q a sheaf of dimension 0. Hene h0(Q(l)) = length(Q) for all l. But
then h1(a∨∨(l)) = length(Q) for all l ≤ m1, hene length(Q) = 0 by onstrution.
Thus setting C−4 := OX(1 −m1) and C−5 := OX(−m1) we an fore our objets to
be vetor bundles with the given numeri invariants.
Semistability. Using Bogomolov's restrition theorem (see [9, 7.3℄), there is a onstant
m2 (again depending only on the numeris of E) suh that for all smooth urves H˜ ∈
|m2H| the restrition E| eH is semistable. By the results about stability on urves as in
Theorem 1, there is a bundle F ∈ Coh(H˜) with Hom(E| eH , F ) = Ext
1(E| eH , F ) = 0, i.e.
F ∈ (E| eH)
⊥
in Db(H˜). By symmetry, F is also semistable on H˜. Hene there is a short
exat sequene of sheaves on X
0 //M
α //O⊕r
2+1
eH
(−m3) //F //0
i.e. F = cone(α) is a torsion sheaf on X .
On the other hand, if F ∈ (E| eH)
⊥
in Db(X), then E| eH is semistable, hene E
is semistable with respet to the polarisation H˜. Thus, one we have a map α ∈
Hom(L,O⊕r
2+1
eH
(−m3)) with a ∈ cone(α)
⊥
the sheaf a will be semistable. By setting
C1 := M and C0 := O
⊕r2+1
eH
(−m3) we thus omplete our P-datum (C−5, . . . , C1, N).
Proposition 5. For every h1 ∈ H
2(X,Z) and eah natural number n ∈ N there exists
a Postnikov-datum (Ci, N
j
i ) suh that for any a ∈ D
b(X) we have the equivalene
(
homj(Ci, a) = N
j
i
for all j ∈ Z and all i
)
⇐⇒

 a ∼= A ∈ Coh(X) with A ∼= L⊗ JZ
where L is a line bundle with c1(L) = h1
and JZ is an ideal sheaf of olength n.


Proof. This follows the line of the proof of Theorem 4. Thus, we may assume the P-
datum fores a to be isomorphi to a sheaf A with the same numerial invariants as
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L⊗ JZ . We want to add onditions to our P-datum whih imply that A is torsion free
of the stated type. We take an integer m suh that for all k ≥ m and all line bundles
L with c1(L) = h1 we have h
0(L(k)) = 0 = h1(L(k)). If we have h0(A(m − n − 1)) =
0 = h0(A(m)) and h1(A(m− n− 1)) = n = h1(A(m)), then it immediately follows that
the torsion subsheaf T ⊂ A is purely one dimensional. Let H˜ be a smooth divisor in
|(n+ 1)H| suh that
0→ T → A→ A/T → 0
remains exat when restrited to H˜ . The sheaf T (m) ⊗ O eH is of nite length l =
c1(T ).H˜ = (n + 1)c1(T ).H . Consequently, we have T 6= 0 implies that l > n. From the
long exat ohomology sequene
0 = H0(A(m))→ H0(A(m)⊗O eH)→ H
1(A(m− n− 1)) ∼= kn
we dedue h0(A(m) ⊗ O eH) ≤ n. Sine H
0(T (m) ⊗ O eH) ⊂ H
0(A(m) ⊗ O eH) we obtain
T = 0. Thus, adding the above onditions fores A to be torsion free.
3 Derived ompatiation of moduli spaes
Let X = P1 × C be the produt of P1 with an ellipti urve C with morphisms
P1 X
q
//
p
oo C .
We denote a ber of p and q by fp and fq respetively. Denoting the lass of a point by
z we have generators for the even ohomology lasses
H0(X,Z) = Z = Z〈[X ]〉
H2(X,Z) = Z2 = Z〈fq, fp〉
H4(X,Z) = Z = Z〈z〉 .
We take the polarization H = fq + 3fp on X .
The moduli spae M1. Let E be a oherent sheaf of Chern harater ch(E) = 1 +
2fq − 2z. If E is torsion free, then we have an isomorphism E ∼= q
∗L ⊗ JZ where L is
a line bundle of degree 2 on C, and Z is a losed subsheme of length 2. We obtain by
straightforward omputations
Hom(E,E) = C, Ext1(E,E) = C5, Ext2(E,E) = 0, χ(E(k)) = k2 + 7k .
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Thus, the moduli spaeM1 of torsion free oherent sheaves of Chern harater ch(E) =
1 + 2fq − 2z is a smooth projetive variety of dimension 5. Indeed, we have
Pic2(C)×Hilb2(X) ∼→M1, (L,Z) 7→ q
∗L⊗ JZ .
The relative Fourier-Mukai transform. Choosing a base point c ∈ C we an identify
C with its Piard sheme Pic0(C) and, as in Setion 1.4 obtain a Poinare line bundle P
on C×C subjet to the onditions P|{c}×C ∼= OC and P|C×{c} ∼= OC . From the diagram
C C × C
pi1oo
pi2 //C and the Fourier-Mukai transform FMP : D
b(C) ∼→ Db(C) with
FMP(a) = π2∗(P⊗π
∗
1a) we obtain the diagram X P
1 × C × C
pi12oo
pi13 //X , the line bun-
dle PX = π
∗
23P on P
1×C×C, and the Fourier-Mukai transform FMPX : D
b(X) ∼→ Db(X)
whih is dened by FMPX (a) := π13∗(PX ⊗ π
∗
12a).
Next we study FMPX on objets parametrised by our moduli spae M1. We remark
that any objet E parametrised byM1 is the kernel of a surjetion q
∗L→ OZ where L is
a degree two line bundle on C and Z is a length two subsheme of X . The Fourier-Mukai
transform FMP(L) is a stable vetor bundle of rank two and degree −1 on the urve C
(see [15, Chapter 14℄). Thus, EL := FMPX (q
∗L) = q∗FMP(L) is the pullbak of a vetor
bundle from C. Suppose a line bundle M ∼= OX(npfp + nqfq) is ontained in EL. Sine
EL is trivial on the bers of q we nd np ≤ 0. The stability of FMP(L) yields nq ≤ −1.
Thus, we have c1(M).H ≤ −3.
The Fourier-Mukai transform FMPX (OZ) of the torsion sheaf OZ is a sheaf with graded
objet T1⊕T2 where the sheaves Ti are line bundles of degree zero on bers of p extended
to X . We distinguish two ases:
Case 1: OZ is not ontained in a ber of p. Sine any morphism of FMP(L) to a line
bundle of degree zero is surjetive, applying FMPX to the short exat sequene
0→ E → q∗L→ OZ → 0
remains a short exat sequene of sheaves. Thus FMPX (E) is the kernel of the surjetive
sheaf morphism EL → FMPX (OZ). Therefore FMPX (E) is a rank two vetor bundle with
c1(FMPX (E)) = −fq − 2fp, and c2(FMPX (E)) = 2z. Consequently, c1(FMPX (E)).H =
−5. Sine any line bundle M whih is ontained in FMPX (E) is ontained in EL this
yields together with
c1(FMPX (E)).H
2
=
−5
2
> −3 ≥ c1(M).H
the stability of FMPX (E).
Case 2: OZ is ontained in a ber p
−1(x). In this ase the morphism EL → FMPX (OZ)
annot be surjetive. Its okernel is a sheaf of length one onentrated on a point of
p−1(x). The kernel is a rank two vetor bundle h0(FMPX (E)) with numerial invariants
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c1(h
0(FMPX (E))) = −fq − 2fp, and c2(h
0(FMPX (E))) = z.
The moduli spae M2. The seond moduli spae on X we want to onsider is the
moduli spae M2 :=MX,H(2,−fq − 2fp, 3) of stable vetor bundles F on X with
rk(F ) = 2, c1(F ) = −fq − 2fp, c2(F ) = 2z .
Suppose now that [F ] ∈ M2. We onsider the Fourier-Mukai transform FMPX (F ). By
onstrution, the ohomology of FMPX (F ) lives only in degrees zero and one.
Lemma 6. The Fourier-Mukai transform FMPX (F ) has only rst ohomology. This
means FMPX (F ) = h
1(FMPX (F ))[−1].
Proof. Suppose that FMPX (F ) has ohomology in degree zero, that is h
0(FMPX (F )) 6= 0.
This implies that HomDb(X)(OX(−mH), FMPX (F )) 6= 0 form≫ 0. Therefore, we obtain
HomDb(X)(FMPX (OX(−mH)), FMPXFMPX (F )) 6= 0 .
We write ι : X ∼→ X for the involution oming from the inversion in the group law of
C. Sine FMPXFMPX (F ) = ι
∗F [−1], and the ohomology of FMPX (OX(−mH)) is exlu-
sively in degree one, we obtain a nontrivial homomorphismψ : ι∗h1(FMP(OX(−mH)))→
F . The restrition of ι∗h1(FMP(OX(−mH))) to any ber of p is a stable vetor bundle
of rank m and degree one. Thus the restrition of ψ to any ber is not surjetive. There-
fore, the image of ψ is of rank one. Let L be the saturation of im(ψ) in F . We have
L = OX(npfp+ nqfq). Sine L ontains the image of ψ we have nq ≥ 1. The stability of
F yields np ≤ −3 − 3nq. We have a short exat sequene
0→ L→ F → det(F )⊗ L−1 ⊗ JZ → 0
where JZ is the ideal sheaf of a subsheme Z of nite length
length(Z) = c2(F )− c1(L).c1(det(F )⊗ L
−1) = 2 + 2nq + np + 2npnq .
However, the inequalities for np and nq fore length(Z) to be negative whih is impossible.
Lemma 7. The sheaf h1(FMPX (F )) is torsion free.
Proof. We onsider the torsion subsheaf T (h1(FMPX (F ))). It ontains a subsheaf T
whih is of rank one on its support and with supp(T ) is irreduible. If the support of
T is zero-dimensional, then the morphism T [−1] → FMPX (F ) denes via the Fourier-
Mukai transform a morphism from the torsion sheaf ι∗FMPX (T ) to F whih is impossible
beause F is torsion free.
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Thus, we may assume that Y = supp(T ) is of dimension one. If the indued morphism
p|Y : Y → P
1
dominates P1, then the the restrition of FMPX (T ) to the bers of p is a
semistable vetor bundle of degree zero. Hene we obtain a morphism ι∗FMPX (T )→ F
whih has image of rank one and onlude like in the proof of Lemma 6.
Thus, we have to disuss only the ase when Y is a ber of p, and may assume that
T is torsion free on Y . We distinguish three ases depending on the degree degY (T ) of
T on Y . In all these ases we investigate the resulting morphism ι∗FMPX (T )→ F .
Case degY (T ) > 0: Here ι
∗
FMPX (T ) is a torsion sheaf on Y whih is impossible
beause F is torsion free.
Case degY (T ) = 0: Here ι
∗
FMPX (T ) = k(y)[−1] for a point y ∈ Y . However, for a ve-
tor bundle F we have HomDb(X)(k(y)[−1], F ) = Ext
1(k(y), F ) = H0(Ext1(k(y), F )) = 0.
Case degY (T ) < 0: The Fourier-Mukai transform ι
∗
FMPX (T ) is a stable vetor bundle
ET on Y of degree one shifted by [−1]. The existene of a nontrivial homomorphism
ι∗FMPX (T ) → F is equivalent to Hom(ET , F |Y ) 6= 0. The image of the morphism
ET → F |Y is a line bundle on Y of positive degree. Thus, we have a surjetion F |Y → L
where L is a line bundle on Y of degree d ≤ −2. Denoting the kernel of the omposition
morphism F → F |Y → L by F
′
, we obtain a vetor bundle with invariants
rk(F ′) = 2, c1(F
′) = −fq−3fp, c2(F
′) = 3+d, ∆(F ′) = c21(F
′)−4c2(F
′) = −4d−6 .
By Bogomolov's inequality [9, Thm. 3.4.1℄, F ′ is Bogomolov unstable. Hene there exists
a destabilising exat sequene
0→M → F ′ → det(F ′)⊗M−1 ⊗ JZ → 0
with Z of dimension zero, (2c1(M) − det(F
′)).H > 0, and (2c1(M) − det(F
′))2 > 0.
Writing c1(M) = npfp + nqfq, we obtain the two inequalities 2np + 6nq + 6 > 0, and
(2np + 3)(2nq + 1) > 0. The rst implies that not both fators in the seond an be
negative. Thus, np ≥ −1 and nq ≥ 0. Now M is a subsheaf of F , too. Thus, we have
(2c1(M)− c1(F )).H ≤ 0 whih reads 2np + 3nq + 5 ≤ 0, and is impossible.
Putting together our results we have obtained the
Corollary 8. The Fourier-Mukai transform identies the open subset U of M1 whih
parametrises twisted ideal sheaves of two points in dierent bers of p : X → P1 with
the moduli spae M2.
Two ompatiations of the moduli spae M2. At this point it seems natural to
ompatifyM2 by adding the objets FMPX (E) with [E] ∈M1 \U . Thus way we have
an isomorphism FMPX : M1 → M2. Sine the dimensions of Ext
i(a, a) are invariant
under FMPX , we obtain a smooth moduli spae M2 from the smooth moduli spae M1.
We are ompatifying with simple objets having two ohomology sheaves.
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The lassial onstrution of moduli spaes ompaties M2 with oherent sheaves
E with one singular point. That is, the morphism E → E∨∨ has okernel of length
one. The Fourier-Mukai transform FMPX of these objets does not yield torsion free
sheaves. This an be seen be applying FMPX to the distinguished triangle ontaining
the morphism E → E∨∨. We hope this illustrates that the ompatiation M2 by
derived objets is natural and important.
4 Sheaf onditions for objets in Db(X)
Notation: Let X be a projetive variety of dimension n with a very ample polarisation
OX(1). For an objet a ∈ D
b(X), we denote the ith ohomology of the omplex a by
ai := hi(a). The objet a an be represented by a sheaf onentrated in zero if and only
if ai = 0 for all integers i 6= 0. Abbreviating, we all suh an objet a a sheaf in Db(X).
For an objet a ∈ Db(X), we dene the ohomology group H i(a(k)) to be the vetor
spae HomDb(X)(OX(−k)[−i], a).
To ompute the ohomology groups H i(a), we use the (loal ⇒ global) ohomology
spetral sequene of [5, p. 263℄:
Epq2 = Ext
q(OX(−k), a
−p) = Hq(a−p(k))⇒ Hp+q(a(k)) .
If the dimension of X is zero this spetral sequene degenerates and we onlude the
Lemma 9. If X is of dimension zero, then a ∈ Db(X) is a sheaf if and only if H i(a) = 0
for all i 6= 0.
Lemma 10. Let X be of dimension one, p : Z→ Z be a polynomial of degree less than
two. If a ∈ Db(X) is an objet satisfying
(i) H i(a(k)) = 0 for all pairs (i, k) with k ∈ {−1, 0, p(−1)} , and i 6= 0 ,
(ii) dim(H0(a(k))) = p(k) for k ∈ {−1, 0} ,
then a is a sheaf of Hilbert polynomial p.
Proof. Putm := p(−1). By hoosing a two-dimensional vetor subspae V ⊂ H0(OX(1))
suh that V ⊗OX → OX(1) is surjetive, we get a morphism V ⊗H
0(a(−1))→ H0(a).
The objet S := Sm−1(V,OX ,OX(1)) obtained in Constrution 14 has, by Lemma 15,
the following property: the resulting morphism ̺v : H
0(a(−1))→ H0(a) is injetive for
a general v ∈ V if and only if Hom(S, a[−1]) = 0. As noted in Remark 16, S is a vetor
bundle of rank one and determinant OX(−m), i.e. S ∼= OX(−m). Thus, by assumption
(i) we get 0 = Hom(S, a[−1]) = H−1(a(m)). Now onsider a general divisor H in the
linear system P(V ∨) giving a distinguished triangle
a(−1)
v
→ a→ a⊗OH → a(−1)[1] .
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By general divisor we mean: That the morphism H0(a(−1)) → H0(a) is injetive and
that−⊗OH ommutes with the ohomology of the omplex, i.e. h
i(a⊗OH) = h
i(a)⊗OH .
We derive that a ⊗ OH fullls the assumption of Lemma 9 and is a sheaf. Thus for
i 6= 0 the ohomology sheaves ai are skysraper sheaves onentrated in points outside
H . Hene, the above spetral sequene fullls Epq2 = 0 unless p or q are zero. Sine
H i(a) = 0 for all i < 0, we have ai = 0 for all i < 0. We onsider now the distinguished
triangle orresponding to the natural t-struture
τ≤0a→ a→ τ≥1a→ τ≤0a[1] .
We have that τ≤0a is a sheaf, whih implies H
i(τ≤0a) = 0 for i 6∈ {0, 1}. By assumption
(i) we have H i(a) = 0 for all i 6= 0, and from the (loal ⇒ global) spetral sequene we
dedue that H i(τ≥1a) = 0 for i ≤ 0, beause h
i(τ≥1a) = 0 for i ≤ 0. From the long exat
ohomology sequene of this triangle we onlude H i(τ≥1a) = 0 for all integers i. Sine
τ≥1a is a zero-dimensional omplex this implies τ≥1a = 0.
Lemma 11. Let X be of dimension two, V ⊂ H0(OX(1)) a subspae suh that the
evaluation morphism V ⊗ OX → OX(1) is surjetive, and p : Z → Z be a polynomial
of degree less than three. Its derivative is the polynomial p′(k) := p(k) − p(k − 1). Put
m := (dim(V )− 1)(p(0)− 1). Any objet a ∈ Db(X) with
(i) H i(a(k)) = 0 for all pairs (i, k) with k ∈ {−2,−1, 0} , and i 6= 0 ,
(ii) dim(H0(a(k))) = p(k) for k ∈ {−2,−1, 0} ,
(iii1) HomDb(X)(S
m(V,OX ,OX(1)), a[i]) = 0 for all i 6= 0 ,
(iii2) HomDb(X)(S
m(V,OX ,OX(1))⊗OX(1), a[i]) = 0 for all i 6= 0 ,
(iii3) HomDb(X)(S
m(V,OX ,OX(1))⊗OX(−p
′(−1)), a[i]) = 0 for all i 6= 0 ,
(iii4) HomDb(X)(OX(−p
′(−1)), a[i]) = 0 for all i 6= 0 , and
(iii5) HomDb(X)(OX(1− p
′(−1)), a[i]) = 0 for all i 6= 0
is a sheaf of Hilbert polynomial p.
Proof. For v ∈ V we have short a exat sequene 0→ OX(−1)
v
→ OX → OHv → 0. We
obtain long exat ohomology sequenes
H−1(a(k)⊗OHv)→ H
0(a(k − 1))
H(v)
−→ H0(a(k))→ H0(a(k)⊗OHv)→ H
1(a(k − 1)).
We will restrit ourselves to those v ∈ V whih are general in the sense that they
ommute with forming ohomology, that is
hi(a⊗OHv) = h
i(a)⊗OHv and a⊗OHv = a
L
⊗ OHv .
By assumption (i) and (iii4) the left-most terms are zero for k ∈ {−1, 0, p
′(−1)}. For
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these values of k the right-most terms vanish by assumptions (i) and (iii5). We de-
due from Lemma 15 and (iii3) the injetivity of H(v) for k = 0 and v ∈ V general.
Analogously it follows from (iii4) and (iii5) that for a general v the morphism H(v) is
injetive for k = −1 and k = p′(−1). Thus, for a general v ∈ V the tensor produt
a ⊗OHv fullls the requirements (i) and (ii) of Lemma 10 with p replaed by p
′
. From
now on we suppose that v ∈ V is general in the above sense. Therefore a ⊗ OHv is a
sheaf onentrated on Hv. As in the proof of Lemma 10, we obtain that for i 6= 0 the
ohomology sheaves ai have supports disjoint from the ample divisor Hv. Thus, they
are supported in losed points disjoint from Hv. As before, the (loal⇒ global) spetral
sequene yields ai = 0 for all i < 0. By Mumford's regularity riterion (see hapter 14
in [13℄) a0 ⊗OHv is 0-regular whih gives the vanishing H
i(a0 ⊗OHv(k)) for all k ≥ −1
and i > 0. Thus, from the long exat sequene we obtain H2(a0(k − 1)) ∼= H2(a0(k))
for all k ≥ 0. Therefore we onlude H2(a0(k)) = 0 for all k ≥ −1. As in the proof of
Lemma 10 we onsider the ltration triangle
τ≤0a→ a→ τ≥1a→ τ≤0a[1] ,
and remark that τ≤0a = a
0
is a sheaf. Sine H i(τ≤0a(k)) = 0 for all i > 2 we dedue from
the assoiated long exat sequene H1(τ≥1a(k)) ∼= H
2(τ≤0a(k)) and H
i(τ≥1a(k)) = 0 for
i 6= 1. Sine H2(τ≤0a(k)) vanishes for k ≥ −1 and H
1(τ≥1a(k)) is (not anonially) twist
invariant, we dedue that H1(τ≥1a(k)) = 0. This implies τ≥1a = 0.
Theorem 12. Let X be a projetive variety of dimension n ≤ 2 and p : Z → Z be a
polynomial of degree at most n. There exists a sheaf b ∈ Db(X) suh that any objet
a ∈ Db(X) with
(i) H i(a(k)) = 0 for all pairs (i, k) with k ∈ {−n, . . . , 0} , and i 6= 0 ,
(ii) dim(H0(a(k))) = p(k) for k ∈ {−n, . . . , 0} , and
(iii) HomDb(X)(b, a[i]) = 0 for all i 6= 0
is a sheaf of Hilbert polynomial p. Furthermore, any sheaf a ∈ Db(X) satisfying ondi-
tions (i) and (ii) fullls (iii).
Proof. For dimension of X equal to zero we an set b = 0 and are done by Lemma 9.
In ase dim(X) = 1 we set b = OX(−p(−1)). Lemma 10 tells us that onditions
(i)(iii) fore a to be a sheaf. To see that a sheaf a ∈ Db(X) whih satises (i) also
satises (iii), we remark that (i) implies the 0-regularity of the sheaf a. Thus, ondition
(iii) holds beause p(−1) being the dimension of a vetor spae an not be negative.
If dim(X) = 2, then we set b = b1 ⊕ b2 ⊕ b3 ⊕ b4 ⊕ b5 with bi the sheaf of ondition
(iiii) of Lemma 11. (For example: b2 = S
m(V,OX ,OX(1))⊗ OX(1).) Again Lemma 11
tells us that onditions (i)(iii) for a ∈ Db(X) imply that a is a sheaf. Suppose now
that a is a sheaf fullling (i) and (ii). Sine for a general v ∈ V the resulting morphisms
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H0(v) : H0(a(k − 1)) → H0(a) are injetive we obtain by Lemma 15 that onditions
(iii1), (iii2), and (iii3) of Lemma 11 hold. Again the the Mumford-Castelnuovo regularity
of a yields that onditions (iii4), and (iii5) hold, too.
Remarks. (1) Considered as an element of the Grothendiek group K(X) the sheaf b of
the above theorem is in the subgroup spanned by the elements OX(k) with k = 0, . . . , n.
Thus, for an objet a whih fullls the onditions of the theorem the dimension of
HomDb(X)(b, a) is given.
(2) The objet b depends on the Hilbert polynomial p of a. This an be seen best in
Lemma 10.
(3) If a ∈ Db(X) is a sheaf with Hilbert polynomial p, then onditions (i) and (ii)
of Theorem 12 do in general not hold. However, after a suitable twist these onditions
hold.
5 The Euler triangle
Lemma 13. Let U and W be k-vetor spaes of nite dimension. Suppose that the
morphism U ⊗OPn
ρ
//W ⊗OPn(1) on P
n
is not injetive. Then for any integer m ≥
(dim(U)− 1)n we have H0(ker(ρ)(m)) 6= 0.
Proof. From the morphism ρ we obtain two short exat sequenes
0→ ker(ρ)→ U ⊗OPn → im(ρ)→ 0, 0→ im(ρ)→W ⊗OPn(1)→ coker(ρ)→ 0 .
The resulting long ohomology sequenes yield two inequalities for all integers k
h0(ker(ρ)(k)) ≥ h0(U ⊗OPn(k))− h
0(im(ρ)(k))
h0(im(ρ)(k)) ≤ h0(W ⊗OPn(1)) .
First we assume that dim(W ) ≤ dim(U) − 1. This implies h0(im(ρ)(m)) ≤ (dim(U) −
1)
(
n+1+m
n
)
. Sine h0(U ⊗ OPn(m)) = dim(U)
(
n+m
n
)
, this yields h0(U ⊗ OPn(m)) >
h0(im(ρ)(m)) for all m ≥ (dim(U) − 1)n. Thus, we obtain h0(ker(ρ)(m)) > 0 for
m ≥ (dim(U)− 1)n.
Now we assume that dim(W ) ≥ dim(U). The okernel coker(ρ) has rank at least
dim(W )−dim(U)+1. Therefore there exists a subspaeW ′ ⊂W of dimension dim(W )−
dim(U) + 1 suh that the resulting morphism W ′ ⊗ OPn(1) → coker(ρ) is injetive in
the generi point, and eventually injetive. Thus, the image of the injetive morphism
H0(im(ρ)(k))→ H0(W⊗OPn(k+1)) is transversal to H
0(W ′⊗OPn(k+1)). This implies
h0(im(ρ)(m)) ≤ (dim(U)− 1)
(
n+1+m
n
)
as before.
Constrution 14. The Euler triangle and objets Sm(V, a, b).
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For any two objets a, b of a k-linear triangulated ategory T and some subspae
V ⊂ Hom(a, b) of nite dimension we get a distinguished (Euler) triangle
Sm(V, a, b)→ Symm+1(V )⊗ a
θ
−→ Symm(V )⊗ b→ Sm(V, a, b)[1]
where tensor produts of vetor spaes and objets are just nite diret sums, and θ is
indued by the natural map
Symm+1(V )→ Symm(V )⊗ Hom(a, b), f0 ∨ · · · ∨ fm 7→
∑
i
(f0 ∨ · · · fˆi · · · ∨ fm)⊗ fi.
Remark. In the speial ase where T = Db(Pnk) is the bounded derived ategory of the
projetive spae Pnk over k and a = OPn , b = OPn(1), V = Hom(a, b) = H
0(OPn(1)) and
m = 0, the above triangle is indued by the lassial Euler sequene
0→ ΩPn(1)→ O
⊕n+1
Pn
→ OPn(1)→ 0.
Remark. For any c ∈ T , the triangle dening Sm(V, a, b) yields a long exat sequene
Homk−1(b, c)⊗ Symm(V ∨) // Homk−1(a, c)⊗ Symm+1(V ∨) // Homk(Sm(V, a, b), c)
qqccccccc
ccccccc
ccccccc
ccccccc
ccccccc
ccccc
Homk(b, c)⊗ Symm(V ∨) // Homk(a, c)⊗ Symm+1(V ∨) // Homk+1(Sm(V, a, b), c).
Lemma 15. Let T be a triangulated k-linear ategory with nite-dimensional Hom's,
a, b, c ∈ T objets with Hom−1(a, c) = 0 and let V ⊂ Hom(a, b) be a subspae. Then the
following onditions are equivalent:
(i) The morphism ̺v : Hom(b, c)→ Hom(a, c) is injetive for v ∈ V general.
(ii) Hom0(Sm(V, a, b), c) = 0 holds for some m ≥ (dim(V )− 1)(hom(b, c)− 1).
Proof. We onsider the morphism Hom(b, c) → V ∨ ⊗ Hom(a, c). Together with the
natural surjetion V ∨ ⊗OP(V ∨) → OP(V ∨)(1), this gives a morphism
̺ : Hom(b, c)⊗OP(V ∨) → Hom(a, c)⊗OP(V ∨)(1) on P(V
∨) .
The injetivity of ̺ is equivalent to the injetivity of the maps ̺v : Hom(b, c)→ Hom(a, c)
for generi (or just one) v ∈ V . By Lemma 13 this is equivalent to the injetivity of
H0(̺⊗OP(V ∨)(m)) : H
0(Hom(b, c)⊗OP(V ∨)(m))→ H
0(Hom(a, c)⊗OP(V ∨)(m+ 1))
for m = (dim(V )−1)(hom(b, c)−1). Sine Hom−1(a, c) = 0, the long exat ohomology
sequene of the triangle from Constrution 14 gives that the kernel of H0(̺⊗OP(V ∨)(m))
is Hom0(Sm(V, a, b), c).
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Corollary 16. Suppose that L is a base point free line bundle on a smooth projetive
variety X and V ⊂ H0(L) is a subspae suh that V ⊗OX → L is surjetive. Then the
objet Sm(V,OX , L) is a vetor bundle with invariants
rk(Sm(V,OX , L)) =
(
m+dim(V )−1
m+1
)
, det(Sm(V,OX , L)) = L
−⊗(m+dim(V )−1
m
).
Remark 17. For two vetor bundles A and B on a smooth projetive urve X suh
that the anonial map Hom(A,B)⊗ A→ B is surjetive, we set
a = B∨[1], b = A∨[1], V = Hom(a, b) = Hom(A,B).
Then Sm(V, a, b) is a loally free sheaf onentrated in degree 1, beause the maps
Symm+1(V )⊗ B∨ → Symm(V )⊗ A∨ are surjetive for all m ≥ 0.
For any sheaf c = E ∈ Coh(X), the ondition Hom−1(a, c) = 0 is equivalent to
H0(E ⊗B) = 0. Setting Fr,d := S
m(V, a, b)⊗ ωX [1] and using Serre duality, we see that
statement (ii) in Lemma 15 is equivalent to Hom(E, Fr,d) = 0.
Remark. Conerning the funtoriality of the objets Sm(V, a, b), let us rst introdue
the relevant ategory Cm(T ): its objets are triples (V, a, b) onsisting of two objets
a, b ∈ T and a subspae V ⊂ Hom(a, b). A morphism (V, a, b) → (V ′, a′, b′) in Cm(T )
is given by two maps α : Symm+1(V )⊗ a → Symm+1(V ′) ⊗ a′ and β : Symm(V )⊗ b →
Symm(V )⊗ b′ suh that the following diagram ommutes:
Symm+1(V )⊗ a
θ //
α

Symm(V )⊗ b
β

Symm+1(V ′)⊗ a′
θ′ // Symm(V ′)⊗ b′
This way, Cm(T ) is a k-linear ategory. With Sm(V, a, b) = cone(θ) and Sm(V ′, a′, b′) =
cone(θ′) in the above diagram, the usual nuisane of non-funtoriality of ones in trian-
gulated ategories prevents Sm from being a funtor Cm(T )→ T .
This problem is related to dening the spherial twist funtors, and we an follow
the approah of Seidel and Thomas [17℄ in the geometri ase, T = Db(X). They use
the fat that the homotopy ategory of bounded below omplexes of (quasi-oherent)
injetives with bounded oherent homology is equivalent to the bounded derived ategory
of oherent sheaves. The Sm-onstrution works just as well for the homotopy ategory of
injetives, and taking ones beomes funtorial then, beause the morphisms are genuine
omplex maps. See [17, 2a,b℄ for details.
Thus, we obtain funtors Sm : Cm(Db(X)) → Db(X) for all m ∈ N. Note that even
if we set the subspae V to be the full homomorphism spae and x either a or b, the
resulting funtor Db(X)→ Db(X) annot be triangulated, exept in the ase m = 0.
18
Referenes
[1℄ C. Bartoi, U. Bruzzo, D. Hernández Ruiperez: Fourier-Mukai and Nahm trans-
forms in geometry and mathematial physis, Birkhäuser (2007).
[2℄ A. Beilinson, J. Bernstein, P. Deligne: Faiseaux pervers, Astérisque 100 (1982).
[3℄ T. Bridgeland: Stability onditions on triangulated ategories, math.AG/0212237.
[4℄ G. Faltings: Stable G-bundles and projetive onnetions, J. Algebrai Geom. 2
(1993), 507568.
[5℄ S.I. Gelfand, Y.I. Manin: Methods of homologial algebra, Springer (1997).
[6℄ A. Grothendiek: Tehniques de onstrution et théorèmes d'existene en géométrie
algébrique; IV. Les shémas des Hilbert, Seminaire Bourbaki 221 (1960/61).
[7℄ G. Hein: Duality onstrution of moduli spaes, Geometriae Dediata 75 (1999),
101113.
[8℄ G. Hein, D. Ploog: Fourier-Mukai transforms and stable bundles on ellipti urves,
Beiträge Algebra Geom. 46 (2005), no. 2, 423434.
[9℄ D. Huybrehts, M. Lehn: Moduli spaes of oherent sheaves, Vieweg 1997.
[10℄ M. Inaba: Moduli of stable objets in a triangulated ategory, math.AG/0612078.
[11℄ Y. Kawamata: Equivalenes of derived ategories of sheaves on smooth staks,
Amer. J. Math. 126 (2004), 10571083, also math.AG/0205287.
[12℄ J. Le Potier: Module des brés semistables et fontions thêta, in M. Maruyama
(ed.), Pro. Symp. Taniguhi Kyoto 1994: Moduli of vetor bundles, Let. Notes
in Pure and Appl. Math. 179 (1996), p. 83-101.
[13℄ D. Mumford: Letures on Curves on an Algebrai Surfae, Prineton Univ. Press,
Prineton, 1966.
[14℄ D.O. Orlov: Equivalenes of derived ategories and K3-surfaes, J. Math. Si. 84
(1997), 13611381, also math.AG/9606006.
[15℄ A. Polishhuk: Abelian varieties, Theta funtions and the Fourier Transform,
Cambridge University Press (2003).
[16℄ M. Popa: Dimension estimates for Hilbert shemes and eetive base point freeness
on moduli spaes of vetor bundles on urves, Duke Math. J. 107 (2001), 469495.
[17℄ P. Seidel, R. Thomas: Braid group ations on derived ategories of oherent
sheaves, Duke Math. J. 108 (2001), 37108.
[18℄ L. W. Tu: Semistable bundles over an ellipti urve, Adv. Math. 98 (1993), no. 1,
126.
19
